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We investigate thermodynamics and geometrothermodynamics of regular Bardeen - AdS black
hole with quintessence. The thermodynamics of the black hole is studied using temperature-entropy
(T-S) and Pressure - Volume (P-V) plots, which indicate critical behavior. This is also confirmed
from the divergence of specific heat against entropy, which shows a second order phase transition.
Using the concept of thermodynamic Ruppeiner and Weinhold geometry, we calculated the ther-
modynamic curvature scalar RR and RW in the quintessence dark energy regime. While these
curvature scalars enable us to identify the critical behavior, they do not show divergence at the
phase transition points observed in specific heat study. To resolve this puzzle we have adopted
the method of geometrothermodynamics proposed by Hernando Quevedo. Choosing a Legendre
invariant Quevedo metric, the curvature scalar RQ shows singularity at the same point as seen in
the specific heat divergence.
I. INTRODUCTION
In recent years, black hole thermodynamics has be-
come an active area of research in theoretical physics.
Among several motivations, the main attraction lies in
the fact that, black hole is the best system to seek the as-
pects of quantum gravity, and the thermodynamic study
will reveal its microscopic structure. Introduction of a
correspondence between classical gravitational theory in
AdS space and strongly coupled conformal field theory on
its boundary by Maldacena in his seminal paper [1] made
the thermodynamic study of asymptoticaly AdS black
holes more interesting. The black hole thermodynamics
in anti-de Sitter (AdS) space is different from asymptoti-
cally Minkowskian spacetime. The AdS space acts like a
thermal cavity and black hole can exist in a stable equi-
librium with radiation. But there is a minimum Hawk-
ing temperature (critical temperature) below which only
thermal radiation exists. Above this temperature two
types of black hole solutions exists, a smaller black hole
with negative specific heat capacity and a larger black
hole with positive specific heat capacity. At critical tem-
perature, Hawking-Page phase transition takes place be-
tween thermal radiation and large black hole [2]. In the
AdS-CFT perspective, Hawking-Page phase transition is
understood as confinement/deconfinement phase transi-
tion in gauge theory [3].
Realising the importance of the thermodynamics in
AdS space, the Reissner-Nordstro¨m and the Kerr-
Newman black holes in AdS background were studied.
The small-large black hole phase transition found in RN-
AdS had a close resemblence to van der Waals liquid-gas
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system [4–6]. More clarity on this isomorphism was ob-
tained by identifying the cosmological constant as ther-
modynamic pressure and by expanding first law by in-
cluding a PdV term [7–10]. Recently, thermodynamics
of various black holes in this extended phase space were
studied and the similarity with van der Waals liquid-gas
system was found to be universal [11–17].
After Albert Einstein’s theory of gravity based on dif-
ferential geometry became a great success, method of dif-
ferential geometry was identified as a mathematical lan-
guage for various gauge fields. It was Gibbs [18] in the
later part of 19th century and Caratheodory [19] in 1909,
to use these ideas of differential geometry in classical
thermodynamics. Hermann [20] and Mrugala [21], ap-
plied differential geometry to the thermodynamic phase
space making use of its contact structure. ThenWeinhold
[22] and later Ruppeiner [23, 24] constructed thermody-
namic metric to study phase transitions and microscopic
interactions in thermodynamic systems. Geometrother-
modynamics is another geometric formalism for the clas-
sical thermodynamics developed by H.Quevedo [25]. Re-
cently, a brief history of metric geometry of thermody-
namics was written by Ruppeiner [26]. From these ge-
ometric formalisms, a metric is defined on equilibrium
thermodynamic state space and the thermodynamic cur-
vature scalar encodes the information about the micro-
scopic interactions. The curvature scalar is propotional
to the correlation volume and its sign tells the nature
of microscopic interactions being attractive or repulsive
[27]. The phase transition of the system can be seen
in the divergence behavior of this curvature scalar near
the critical point. Thermodynamic geometry is applied
to van der Waals gas and different statistical models in-
cluding magnetic models [28–33].
Considering black hole as a thermodynamic system,
the geometric formalism is used to study the critical be-
havior of black holes during phase transitions [34–58].
But there were inconsistencies in the position of critical
point, as specific heat diverges at a point different from
where scalar curvature diverges [50, 59, 60]. The Legen-
2dre invariance was found to be the key factor behind these
discrepancies. Taking Legendre invariance into account
a metric was constructed by Quevedo et al. [25, 61, 62],
which resolved the issue. Quevedo’s formalism named
as Geometrothermodynamics(GTD) is applied to vari-
ous black holes [63–69] including regular black holes. A
black hole without singularity at the origin, possessing
an event horizon is called regular or non-singular black
hole. It was Bardeen [70] in 1968, who constructed a
black hole solution with regular non-singular geometry
with an event horizon for the first time. Later, sev-
eral such regular black hole solutions were constructed
[71, 72]. Thermodynamic properties of Bardeen regular
black hole was studied in [73].
Accelerated expansion of universe is due to presence
of exotic field called Dark energy. Quintessence is one
among different models for dark energy [74–76]. The cos-
mic source for inflation has the equation of state pq = ωρq
(−1 < ω < −1/3), and ω = −2/3 corresponds to
quintessence dark energy regime. The energy density for
quintessence has the form ρq = −a2 3ωr3(ω+1) , which is pos-
itive for usual quintessence. Several attempts have been
made to explore the effects of quintessence on black hole,
with Kiselev’s [75] phenomelogical approach being the
notable one. Phase transitions in black holes surrounded
by quintessence are widely studied. Thermodynamics of
Reissner-Nordstro¨m and regular black holes surrounded
by quintessence were investigated in [77–83]. Thermody-
namic geometry and geometrothermodynanics for differ-
ent regular black holes were studied in [65]. Thermody-
namic geometry of charged AdS black hole surrounded
by quintessence can be found in [84].
This paper is organised as follows. In section II, ther-
modynamics of regular Bardeen black hole surrounded by
quintessence is studied in the extended phase space. In
the next section (III), thermodynamic geometry for the
black hole is constructed using Weinhold and Ruppeiner
metric, followed by geometrothermodynamics. Conclu-
sion is written in the final section (IV).
II. THERMODYNAMICS OF THE BLACK
HOLE
The metric for the regular Bardeen AdS black hole
surrounded by quintessence is given by [75, 80–82],
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dθ2 + r2 sin2 θdφ2
with f(r) = 1 − 2M(r)r − ar3ω+1 − Λr
2
3 and M(r) =
Mr3
(r2+β2)3/2
. Where β is the monopole charge of a self
gravitating magnetic field described by non linear elec-
tromagnetic source,M is the mass of the black hole, Λ is
the cosmological constant, ω is the state parameter and
a is the normalization constant related to quintessence
density.
On the event horizon (rh) , f(rh) = 0 gives the mass
corresponding to the above metric,
M =
1
6
r
−3(1+ω)
h (β
2 + r2h)
3/2[−3a+ r1+3ωh (3 + 8Ppir2h)].(1)
We can express mass of the black hole as a function of
entropy using the area law S = pir2h, as follows
M =
1
6
√
pi
[(
piβ2 + S
)3/2
S−
3
2 (ω+1)
(
(8PS + 3)S
3ω
2 +
1
2 − 3api 3ω2 + 12
)]
. (2)
First law of thermodynamics for this black hole must be
modified to include quintessence as follows,
dM = TdS +Ψdβ + V dP +Ada. (3)
Where Ψ is the potential conjugate to the magnetic
charge β and A is a quantity conjugate to quintessence
parameter a.
A =
(
∂M
∂a
)
S,β,P
= − 1
2r3ωh
. (4)
In the extended phase space cosmological constant is con-
sidered as thermodynamic pressure.
P = − Λ
8pi
, Λ = − 3
l2
. (5)
We can derive Hawking temperature (equation 6) from
the first law, which can be combined with the area law
to obtain equation of state (equation 7).
T =
(
∂M
∂S
)
Ψ,P,a
=
1
4
√
β2 +
S
pi
S−
3ω
2 −
5
2
(
3api
3ω
2 +
1
2
(
piβ2(ω + 1) + Sω
)
+ S
3ω
2 +
1
2
(−2piβ2 + 8PS2 + S)) (6)
P =
1
8pi
[
8piT√
4β2 + v2
+ 32β2v−3ω−5
(
v3ω+1 − 3a8ω(ω + 1))− 3a8ω+1ωv−3(ω+1) − 4
v2
]
(7)
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FIG. 1: To the left we have P − v diagram for regular AdS black hole surrounded by quintessence (a = 0.07,
β = 0.1, ω = −2/3, Tc = 0.36). In the right side T − S plot for different values of β is shown.
where v = 2rh is specific volume. Using the above equa-
tions the P − v and T − S curves are plotted in figure
(1a) and (1b). These two plots clearly show critical phe-
nomena around the critical points. The critical points
are obtained from the conditions,
∂P
∂v
= 0 ,
∂2P
∂v2
= 0. (8)
In the absence of quientessence, the critical volume
(Vc), critical temperature (Tc) and critical pressure (Pc)
of regular Bardeen-AdS black hole are obtained, which
are as follows,
Vc = 2
√
2β
√
2 +
√
10 , Tc =
25
(
13
√
10 + 31
)
432piβ
(
2
√
10 + 5
)3/2 ,
Pc =
5
√
10− 13
432piβ2
Using the critical quantities, we can calculate PcvcTc ratio.
Pcvc
Tc
=
(−26 + 10√10) (5 + 2√10)3/2√2 (2 +√10)
775 + 325
√
10
which is numericaly equal to 0.381931. For Reissner-
Nordstro¨m AdS black hole, this ratio matches with that
of a Van der Waals gas (PcvcTc = 3/8).
Presence of quientessence affects the phase transition.
As the analytic expression is difficult to obtain, the crit-
ical quantities are obtained numerically for the state pa-
rameter ω = −1,−2/3,−1/3 (table I). Increase in the
value of ω from −1 to 0, leads to decrease in the ratio,
which approaches to 3/8.
In statistical mechanics, a phase transition is charac-
terised by divergences in second moments like specific
heat, compressibility and susceptibility. Hence to study
more details of phase transition we focus on heat capac-
ity of the system. Sign of heat capacity tells about the
thermodynamic stability of black hole, which is positive
for stable and negative for unstable. The heat capacity
at constant pressure is given by,
TABLE I: Critical points are found using equation (8)
with quientessence state parameter ω = −1,−2/3,−1/3.
The ratio PcvcTc is calulated for each case.
ω Pc vc Tc
Pcvc
Tc
-1 0.2155 0.6426 0.3485 0.3973
−2/3 0.2073 0.6422 0.3376 0.3945
−1/3 0.1926 0.6426 0.3241 0.3819
CP = T
(
∂S
∂T
)
P
=
2S
(
piβ2 + S
)(
S
(√
pi(8PS + 1)− 2a√S
)
+ β2
(
pia
√
S − 2pi3/2
))
√
pi
(
β4
(
8pi2 − 3pi3/2a√S
)
+ S2(8PS − 1) + 4piβ2S
)
CP −S plot is obtained from this equation, which shows critical behavior (figure 2 ) below certain pressure (Pc) .
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FIG. 2: Specific heat versus entropy diagram for regular AdS black hole surrounded by quintessence (a = 0.07,
β = 0.1 , ω = − 23 ). (2a) for P = Pc, (2b) for P < Pc, (2c) for P > Pc.
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FIG. 3: Specific heat for different ω values
Figure (2) shows that below the critical pressure P < Pc,
there are two singular points, which reduce to one when
P = Pc, and above P > Pc, these divergence disappears.
In figure (2b), there are three distinct regions seperated
by two singular points. The Small black hole (SBH) and
large black hole (LBH) regions with positive specific heat,
and the intermediate black hole (IBH) with negative spe-
cific heat. As the positive specific heat regions are ther-
modynamicaly stable, phase transition takes place be-
tween small black hole and large black hole. From fig-
ure(3), we observe that the quintesssence state parameter
ω shifts the SBH-LBH transition to lower entropy val-
ues. The specific heat plotted with ω = −1,− 13 ,− 23 and
0 shows the deviation. When ω = 0, the intermediate
region vanishes. Only two regions exists, one with neg-
ative and other with positive specific heat, the behavior
is similar to that of regular Bardeen black hole [79].
The smalllarge black hole phase transition observed in
this black hole is analogous to the liquidgas transition
in Van der Waals gas like in Reissner-Nordstro¨m AdS
black holes. The notable difference compared to Van der
Waals gas is the ratio PcvcTc , which doesnot appear to
be a constant value 3/8, as the critical temperature Tc
depends on the quintessence.
III. THERMODYNAMIC GEOMETRY
In this section we investigate thermodynamic phase
transtions based on geometric formalism proposed by
Weinhold, Ruppeiner and Quevado. The thermodynamic
geometry is a possible tool to explore thermodynamic
phase transitions from microscopic point of view. The
thermodynamic scalar curvature R is directly propor-
tional to the correlation volume of the system R ∝ ξd,
where d is spatial dimensionality. The divergent behav-
ior of curvature scalar ploted against entropy reflects the
existance of critical points corresponding to thermody-
namic phase transition.
A. Weinhold Geometry
The Weinhold metric is defined adhoc in the thermo-
dynamic equilibrium space as the Hessian of the internal
energy M,
ds2W = g
W
ij dx
idxj = ∂i∂jM(S,N
a)dxidxj , (i, j = 1, 2)
where Na represents any other thermodynamic extensive
variables. Here, mass M is the function of entropy S and
extensive variable β, which is the monopole charge. A
Hessian is defined as a square matrix containing second
derivative of energy with respect to the entropy and other
extensive parameters[22, 85],
gW =
[
M,SS M,Sβ
M,βS M,ββ
]
.
Using the expression for mass of the black hole (equation
2), the components of metric tensor turns out to be,
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FIG. 4: Curvature divergence plots for Weinhold metric. In all three plots quintessence parameter and monopole
charge are fixed, a = 0.5 and β = 1. Pressure is P = 0.01 in (4a), P = 0.01264 in (4b) and P = 0.0141 in (4c).
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FIG. 5: Curvature divergence plots for Ruppeiner metric. In all three plots quintessence parameter and monopole
charge are fixed, a = 0.5 and β = 1. Pressure is P = 0.01 in (5a), P = 0.01264 in (5b) and P = 0.0141 in (5c).
gSS =
β4
(
8pi2 − 3pi3/2a√S
)
+ S2(8PS − 1) + 4piβ2S
8
√
piS3
√
piβ2 + S
(9)
gSβ = gβS =
β
(
β2
(
3
√
pia
√
S − 6pi
)
+ S(8PS − 3)
)
4S2
√
β2 + Spi
(10)
gββ =
(
2piβ2 + S
) (√
pi(8PS + 3)− 3a√S
)
2S
√
piβ2 + S
. (11)
From metric tensor gWij , one can calculate curvature
scalar, which is found to be a complicated expression,
RW (S, P, b, ω, a). Ploting the curvature RW versus en-
tropy S, we have studied its divergence behavior, which
occur at mulitiple points (figure 4). Even at the criti-
cal point (Pc=0.207 for a=0.07 and β = 0.1), RW shows
multiple divergences (figure 6a) which are different from
that of the critical value of entropy (S) observed in spe-
cific heat plots. From these randomly located diverging
points we can infer only the critical behavior of the sys-
tem, but not the exact phase transition points. As there
is no agreement between the divergence points in Wein-
hold geometry and specific heat study, next we focus on
Ruppeiner geometry.
B. Ruppeiner Geometry
The Ruppeiner metric is defined as a Hessian of the
entropy function S of the system instead of the internal
energy M as in the Weinhold case. But one can trans-
form Ruppeiner metric, which is a function of M and β
originally, to the same coordinate system used in Wein-
hold metric i.e., S and β. Technically, their geometries
are related to each other conformally [23, 24, 27, 34].
The Ruppeiner metric in the thermodynamic space
states is given as ,
gRij = −∂i∂jS (M,xα) (i, j = 1, 2)
gR =
[
S,MM S,Mβ
S,βM S,ββ
]
.
Because of the conformal property, the line elements in
Ruppeiner and Weinhold formalism are related as
dS2R = −
dS2W
T
. (12)
Using (9), (10), (11) and (6) the components of Rup-
peiner metric tensor are easily obtained as ,
6gSS =
√
pi
(
b4
(
8pi2 − 3pi3/2a
√
S
)
+ 4pib2S + S2(8PS − 1)
)
2S (pib2 + S)
(
b2
(
pia
√
S − 2pi3/2
)
+ S
(√
pi(8PS + 1)− 2a√S
)) (13)
gSβ = gβS =
pi3/2b
(
b2
(
6pi − 3√pia√S
)
+ S(3− 8PS)
)
(pib2 + S)
(
b2
(
2pi3/2 − pia
√
S
)
− S
(√
pi(8PS + 1)− 2a
√
S
)) (14)
gββ =
2piS
(
2pib2 + S
)(√
pi(8PS + 3)− 3a√S
)
(pib2 + S)
(
b2
(
pia
√
S − 2pi3/2
)
+ S
(√
pi(8PS + 1)− 2a√S
)) . (15)
The curvature tensor RR calculated from the above
metric gRij is again a complicated expression like in Wein-
hold case. The obtained curvature function is plotted
against entropy S to study the critical behavior (figure 5
and 6b).
The figure (6b) shows that at the critical point Pc =
0.207, there are multiple divergence around S = 0.06
and S = 0.48, which does not correspond to the critical
value of entropy (S = 0.32). From these multiple sin-
gularities for curvature scalar, it is difficult to identify
the critical points from Ruppeiner geometry. But it is
interesting that Ruppeiner geometry indicates a phase
transition even though it cannot identify the exact tran-
sition points (5), like Weinhold geometry. This kind of
anomalies were found in Kehagias-Sfetsos black hole [59]
and in Gauss-Bonnet Born-Infeld massive gravity theo-
ries [86, 87]. In both Weinhold and Ruppeiner geometries
we note that, the number of divergence points reduces of
curvature scalar decreases when the pressure increases
and gradually dissapear.
C. Geometrothermodynamics
In this approach, the metric is constructed from a
Legendre invariant thermodynamic potential and their
derivatives with respect to the extensive variables. For
geometrothermodynamic calculations, we will consider
2n + 1 dimensional thermodynamic phase space T .
This phase space is constructed using the cordinates
{Φ, Ea, Ia}, where Φ is thermodynamic potential and Ea
and Ia are extensive and intensive variables. Then Gibbs
one-form is introduced as Θ = dΦ − δabIaEb, satisfying
Θ ∧ (dΘ) 6= 0. Defining a Legendre invariant metric G
on T ,
G = (dΦ− δabIaEb)2 + (δabIaEb)(ηcdIcEd) (16)
ηcd = diag(−1, 1, ......1). (17)
T , Θ andG constitutes a Riemann contact manifold. Fol-
lowing this we define an n dimensional Riemannian sub-
manifold ε ⊂ T , which is the space of equilibrium ther-
modynamic states (equilibrium manifold) via a smooth
map ϕ : ε → T . The Quevedo metric, which is simi-
lar to Ruppeiner and Weinhold metric, is defined on this
equilibrium submanifold using the inverse map ϕ∗(G).
gQ = ϕ∗(G) =
(
Ec
∂Φ
∂Ec
)(
ηabδ
bc ∂
2Φ
∂Ec∂Ed
dEadEd
)
(18)
In our case we consider a 5 dimensional phase space
with the coordinates ZA = {M,S, β, T,Θ}, where S, β
are extensive variables and T , Θ are their dual intensive
variables. Then we have the fundamental Gibbs one form
as,
Θ = dM − TdS −Ψdβ. (19)
Now we can write the Quevedo metric as follows,
gQ = (SMS + βMβ)
[−MSS 0
0 Mββ
]
. (20)
Using the Quevedo metric we calculate the corresponding
curvature, which is a complicated expression having the
following form,
RQ =
f(S, β, P, a)
g(S, β, P, a)
, (21)
which is intersting as it has a diverging behavior. Us-
ing the plots of curvature scalar RQ, we investigate the
divergence. In the figure(6c), we can see a divergence
peaked at S ≈ 0.32 same as in the specific heat case.
Contrary to what we obtained in Weinhold and Rup-
peiner geometries, the singular point of curvature scalar
in geometrothermodynamics exactly matches the specific
heat singular point.
IV. CONCLUSION
We have studied the thermodynamics and thermody-
namic geometry of a regular Bardeen-AdS black hole sur-
rounded by a quintessence. In the thermodynmic study
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FIG. 6: Curvature divergence plots for Weinhold (6a), Ruppeiner (6b) and Quevado metric (6c) around critical
point (a = 0.5, β = 0.1 and Pc = 0.207).
we observed a critical behavior from P − v and T − S
plots. Further confirmation was obtained from the spe-
cific heat plots. The discontinuity in the specific heat at
S = 0.32 indicates a phase transition of the system. We
analysed the effect of quientessence in the phase transi-
tions through the state parameter ω. The critical values
for pressure (Pc), volume (vc) and temperature (Tc) are
obtained for ω = −1,− 23 and − 13 case. The ratio PcvcTc
showed slight decrease with increase of ω from -1 to − 13 .
Following the study of black hole phase transition in
the thermodynamic approach we carried out the geomet-
rical investigation of the same. In the literature it is a
well known fact that the divergence behavior of curva-
ture scalar also reflects the existance of critical points. If
we accept that the criticality of specific heat as the defi-
nition of phase transition, the thermodynamic geometry
which shows divergence at the same point turns out be
the correct geometrical description of the same phenom
ena. For the metric under consideration we found that,
eventhough the Ruppeiner and Weinhold geometries re-
flect singularity of curvature scalar, it can only be taken
as the indication of phase transition but not the accurate
description of the same, as the diverging points do not
coincide with that of specific heat. There were multiple
divergence and mismatch in the thermodynamic scalar
of Weinhod and Ruppeiner geometries. This indicates
an anomaly, to overcome this we have used Quevado’s
geometrothermodynamics. Main problem with the Wein-
hold and Ruppeiner geometry is that, they were not Leg-
endre invariant and thus depends on the choice of ther-
modynamic potential. However, geometrothermodynam-
ics being Legendre invariant reproduces critical point ex-
actly.
As a future work, we would like to apply thermody-
namic approach formulated by S. Hendi et al. [87].But
the discripancy among the different geometrical discrip-
tion in validating the critical behavior is still not clear
conceptually, the solution to this may lie in the domain
of quantum gravity.
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